We perform smoothed-particles hydrodynamical and direct gravitational N -body simulations for the formation process of star clusters. The starting conditions of our simulations are a giant molecular cloud (GMC) with a turbulent velocity field, mass of 4 × 10 4 -5 × 10 6 M ⊙ , and density ρ ∼ 100 and 10M ⊙ pc −3 . We continue the hydrodynamical simulations for around a free-fall time scale (t ff ≃ 0.83 and 2.5 Myr), and analyze the resulting structure of the collapsed cloud. We subsequently replace a density-selected subset of SPH particles adopting a local star-formation efficiency ∝ ρ 1/2 with point masses and continue the dynamical evolution using a collisional N -body method by accounting for stellar collisions and the mass loss from the stars. We analyze the resulting data at 2 and 10 Myr after the initiation of the gravitational dynamics. The clustered environment drives the growth of a massive cluster by the hierarchical merging of smaller sub-clusters. The shape of the cluster mass function that originates from an individual molecular cloud is consistent with a Schechter function with a power-law slope of β ≃ −1.6 at 2 Myr and β ≃ −1.4 at 10 Myr. The superposition of mass functions fits the observed mass function of star clusters in the Milky Way, M31 and M83. We further conclude that the mass of the most massive cluster formed in a single molecular cloud with a mass of M g scales with 0.18M 0.74 g .
INTRODUCTION
Observed star formation regions show filamentary or spumous structure, which appear to be a rather natural consequence of the star formation process (André et al. 2010) . The star forming regions are thought to be the results of the gravitational collapse of giant molecular clouds (McKee & Ostriker 2007, and references therein) . Once the stars start to develop a wind and the first supernovae explosions occur the residual gas is blown away. The relatively gas-depleted cluster will subsequently virialize to become spherical. This process can be studied observationally, and there are many example regions in which the gas is about to form stars, and those in which the young star cluster emerges from the gas (Lada & Lada 2003 , and references therein).
The initial collapse of the molecular cloud is dominated by hydrodynamical processes, radiation and chemical reactions, and has been studied extensively from an observational point of view (Keto & Wood 2006; Zinnecker & Yorke 2007; Zapata et al. 2008 ) and numerically Peters et al.
michiko.fujii@nao.ac.jp(MSF); spz@strw.leidenuniv.nl(SPZ) (2010); Bate (2012) ; Krumholz (2012) ; Krumholz et al. (2012b) ; Krumholz & Thompson (2012) . In the transition phase, from gas dominated to gravity dominated, the spectrum of physical processes broadens dramatically and including hydrodynamics, gravity, nuclear fusion and radiation processes. It is only at the later, gas deprived state, that dynamical process start to dominate the evolution of the stellar system.
Most simulations study either the star formation process, or the gas-deprived evolution of the star cluster (e.g., Bonnell et al. 2003) . In some studies the final conditions of the former are used as initial conditions for the latter (Moeckel & Bate 2010; Moeckel et al. 2012) . In Moeckel & Bate (2010) ; Moeckel et al. (2012) they resolve the problem in a number of discrete simulation steps starting by performing a hydro-dynamical simulation. They adopted sink-particles in the hydrodynamical solutions to be able to follow the growth in mass of proto-stellar objects. After about a free-fall time of the molecular cloud, they remove all the residual gas instantaneously and continue the simulation using a direct N -body code to study the dynamical evolution of the stars.
Although removing the gas instantaneously is an ex-treme assumption, their approach appears to work very well. The densest parts of their stellar distributions are relatively small 0.1-0.2 pc and already rather deprived of residual gas (Kruijssen et al. 2012; Moeckel et al. 2012) . The relatively small and dense stellar clumps therefore survive even under the rather extreme assumption of instantaneous gas expulsion.
Here we aim at acquiring a better understanding of the formation process of star clusters. We adopt a method quite similar to the one used in Moeckel & Bate (2010) . We start by performing a hydrodynamical simulation and after around a free-fall time switch to a direct N -body simulations assuming the gas to be removed instantaneously. We did not adopt sink-particles but convolve gas particles to stars assuming a star formation efficiency (SFE) correlated with the local free-fall time (Krumholz et al. 2012a ). This procedure is easier to solve numerically and allows us to control the star formation process.
We are particularly interested in the earliest dynamical evolution of the star clusters formed in a collapsed molecular cloud, especially up to an age of about 2 Myr and with a mass up to 10 4 M⊙, i.e., young massive clusters. Our study is motivated by the recent evidence of the accretion of a smaller stellar clump in R136 (Sabbi et al. 2012 ), but we are also intrigued by the apparent deviation from the phericity of Westerlund 1, Westerlund 2 and NGC 3603. Recent studies using N -body simulations suggest that they formed via mergers of smaller sub-clusters (Fujii et al. 2012 ).
NUMERICAL METHODS
For our simulations we combine a smoothed particles hydrodynamics (SPH) code and a gravitational N -body code. The initial conditions are taken from an isothermal homogeneous gas sphere with a turbulent velocity field with a spectral index of k = −3 following (Bonnell et al. 2003) . We set the sum of the potential energy and kinetic energy to zero and the thermal energy is 10% of the kinetic energy. The size and the total mass for our standard model are 10 pc and 4 × 10 5 M⊙, respectively. As a consequence, the mean density is ∼ 100M⊙pc −3 and the free-fall time is t ff ∼ 0.83 Myr. We also performed simulations with lower mean gas density of ∼ 10M⊙pc −3 by increasing the overall dimension of the system (with a free-fall time of 2.5 Myr) and with a total mass of 4 × 10 4 -5 × 10 6 M⊙. We adopted the mass resolution of 1M⊙.
We perform the hydrodynamical simulation using the Fi SPH code (Hernquist & Katz 1989; Gerritsen & Icke 1997; Pelupessy et al. 2004; Pelupessy 2005) within the AMUSE (Astronomical Multipurpose Software Environment) framework (Portegies Zwart et al. 2009 , 2013 , http://amusecode.org/) with gravitational softening length (also smoothing length for SPH) of 0.1 pc. The time step is controlled inside the framework, but the maximum step is limited as 0.025 Myr. After having continued the hydrodynamical simulation for 0.9t ff , the maximum density of 10 6−7 M⊙pc −3 is reached. At this point we stop the hydrodynamics simulation and analyze the density distribution of the collapsed molecular cloud.
In Figure 1 we present a projected image of the gas density distribution 0.75 Myr (∼ 0.9t ff ) after the start of the hydrodynamical simulation. The densest regions are identified and we measured a maximum of ∼ 10 6−7 M⊙pc −3 , which is comparable to earlier SPH simulation results that include star formations using sink particles (Moeckel & Bate 2010) .
The conversion of SPH particles to stars was realized by adopting a local star formation efficiency, for which we adopted α sfe ρ/10 2 (M⊙pc −3 ). Here the efficiency of the star formation process is controlled by the constant α sfe , which is a free parameter. The SFE then correlates with the free-fall time of the gas via the square-root of the gas density. This assumption is motivated by the recent result that the star formation rate scales with the free-fall time (Krumholz et al. 2012a) . For the models with ρg = 100M⊙pc −3 we adopted α sfe = 0.02, which is similar to that obtained by Krumholz et al. (2012a) , and for those with ρg = 10M⊙pc −3 we chose a somewhat higher value of α sfe = 0.04 because the time for a part of the system to evolve from the moment when it reaches 100M⊙pc −3 to the end of the hydro simulation is twice as long as the free-fall time of the 100M⊙pc −3 models. This local star formation efficiency resulted in the star formation efficiency in the dense regions (ρ 10 3 M⊙pc −3 ), ǫ d , of 20-30% which is consistent with the observed star formation efficiency (Lada & Lada 2003) . For the entire system, the star formation efficiency, ǫ, was a few %.
We replace the densest structures with stars by adopting the local star formation efficiency. The mass of the stars are selected randomly from the Salpeter mass function (Salpeter 1955 ) between 0.3 and 100 M⊙, in which the mean mass of stars is 1M⊙. The positions and velocities of the stars are identical to those of the SPH particles from which they formed. This method does not conserve mass locally, but globally mass is conserved. After removing gas particles, the residual stellar system was super-virial with a virial ratio (Qvir) of more than 1.0. We summarize all models in Table 1 .
We now use the stellar masses, positions, and velocities as initial configurations for our N -body experiments, and continue the dynamical evolution of the system. For convenience we associate the moment we start the N -body simulations with t = 0 Myr. The integration was performed using the sixth-order Hermite scheme (Nitadori & Makino 2008) . This code runs with time step parameters η =0.1-0.3, but without any softening of the potential. We follow all microscopic dynamical interactions accurately. We adopt stellar collisions if stars approach closer than the sum of their radius (sticky sphere approximation). For the stellar radius we adopted the description described in (Hurley et al. 2000; Toonen et al. 2012) and for stars > 100M⊙ we extrapolated the results (see Fujii et al. 2009 Fujii et al. , 2012 , for the details). We assume only very simple stellar evolution; after main-sequence life time, stars lose masses due to supernova and become stellar-mass black holes or neutron stars depending on their mass. We use the description of Hurley et al. (2000) .
CLUSTER MASS FUNCTION
We interrupted our simulations after 2 Myr (and also 10 Myr for some models) at which moment we measured the mass function (MF) of star clusters. We detected clusters using a clump finding algorithm, HOP (Eisenstein & Hut 1998) in Table 1 . Initial conditions Figure 1 . Top panel: Gas surface density at ∼ t ff for model m400k-d100 (gray scale). Colors indicate dense region; cyan, blue, magenta, green indicates regions with the volume density of > 10 6 , 10 5−6 , 10 4−5 , and 10 3−4 M ⊙ pc −3 , respectively. Bottom panel: Gas volume density distribution projected on x-axis. Colors are the same as in top panel.
AMUSE. We set the outer cut-off density (half-mass density) to ρout = 1.5Ms/(4πr 3 h ). For the other parameters we adopted the values in Eisenstein & Hut (1998) : the number of particles to calculate the local density (N dense ), the number of particles for neighbor search (N hop ), and the number of particles of neighbors to determine for two groups to merge (Nmerge) are 64, 64, and 4, respectively, but we adopted 8ρout and 10ρout for the saddle and peak density thresholds, respectively, since star clusters have strong density contrasts compared to the other stellar systems. We adopted a minimum number of 64 stars for identifying a cluster. We varied the parameters in HOP to confirmed that the results does not depend on the choice of parameters. We eventually adopted those parameter for which HOP was most successful in detecting all the clusters. The total mass and half-mass radius of the clusters was subsequently calculated using this method irrespective whether the stars are bound or not. In the left panels of Figure 2 , we present examples of the identified clusters.
We plot the the cumulative MF of star clusters formed in our models in Figure 3 , and compare with the Schechter function:
Here Mcut is a cut-off mass. Integrating Equation (1) gives the cumulative MF
which we fit (using least mean squares) the mass distribution of the clusters we obtained in each of our simulations. We then obtain the best fit parameters β and Mcut. The cluster formation process in our simulations is hierarchical, in the sense that clustered stellar clumps merge repeatedly. When the stars are decoupled from the gas structure, small stellar clumps form. Each clump corresponds to a density peak in the parental gas structure (see Figure 1) . In the first a few Myr, the clumps tend to grow in mass by accreting the smaller substructures. After about 2 Myr the cluster population has almost established itself. At this moment, ∼ 30% of the stars belong to a cluster (see M s,cl /Ms in table 1). From this moment until 10 Myr the typical number of clusters drops by about 1/3 rd . In particular the most massive clusters tend to accrete several smaller clusters. For example in model m400k-d100 the number of clumps drops from 14 at 2 Myr to 8 at an age of 10 Myr. In this phase, the distance between clusters become larger because initially the entire system is unbound. Merger process, therefore, does not continue in the later phase.
We investigate the location where the member stars of clusters formed. In Figure 4 , we show the initial position of stars which belong to clusters at 10 Myr. Typically stars within a few pc merge to one cluster. We also indicate which density peaks belong to what cluster at an age of 10 Myr (see bottom panel of Figure 4) . We see that several density peaks (i.e., clumps) finally collapse to one cluster. We also find that a minimal gas density of ∼ 10 4 M⊙pc −3 is required to form a cluster which can survive for 10 Myr.
The relation between the GMC and the most massive cluster
We now study the MF of clusters and compare it to Equation (1). The best fit value of Mcut depends on the initial gas mass Mg, but β does not dependent on Mg. At an age of 2 Myr the best fitted value for β = −1.55 ± 0.11 for those models in which we detected more than 5 clusters (N cl > 5), and β = −1.59 ± 0.12 for N cl > 10. This is slightly shallower than the observed power-law of β ≃ −2 for massive clusters in disk and starburst galaxies (Portegies Zwart et al. 2010 , and references therein). At t = 10 Myr the slope becomes shallower, β = −1.35±0.006 for N cl > 5. We compare our simulation results with the observed young-cluster massfunction (data from Lada & Lada 2003; Piskunov et al. 2008; Portegies Zwart et al. 2010) , which turns out to be β = −1.66 ± 0.01. This curve is presented in Figure 3 as the solid red curve. The run-to-run variation of Mcut was quite large and for clarity we adopted Mcut ≡ Mc,max, which is the mass of the most massive cluster in each simulation. We then obtained Mc,max = 1.7M 0.6 g for a cluster age of 2 Myr. However, if we adopted a minimum stellar mass of 0.01M⊙ which forms from a gas cloud with a mass of 0.02M⊙ (i.e. 50% efficiency) we obtain Mc,max = 0.18M The current most massive GMC in the MW has a mass of ∼ 10 7 M⊙ (Murray 2011), and the maximum cluster than can be formed from such a cloud is then ∼ 3 × 10 4 M⊙. This result is consistent with the mass of the young massive clusters in the Milky Way (Portegies Zwart et al. 2010 ).
If we scale equation (2) by adopting that the most massive cluster formed in our simulation can be associated with the cut-off mass the cumulative MF is then
By adopting β = −1.6 and fit Equation (3) to the results of our simulations with N cl > 5, we obtain A = 0.44 ± 0.14 at 2 Myr. Assuming β = −1.35, we obtain A = 0.99 ± 0.46 at 10 Myr. These fitting models are also plotted in Figure 3 as dashed curves. Star formation efficiency, and as a consequence the maximum mass of the clusters slightly depends on the initial density of the molecular cloud. The total stellar mass correlates with √ ρg, because we assumed local star formation efficiency to depend on the local density. As a consequence the star formation efficiency is high in the densest regions. (Lada & Lada 2003; Piskunov et al. 2008; Portegies Zwart et al. 2010) . We assume that all (embedded) clusters in Lada & Lada (2003) are younger than 3 Myr.
The relation between the star cluster and the most massive star
The relation between GMC mass and the maximum cluster mass is quite similar to the relation between the cluster mass and the maximum stellar mass in the cluster mmax ≃ 0.4m 0.67 Mc (Pflamm-Altenburg et al. 2007 ). In order to quantize this relation we consider a region which forms a single cluster, in which the total efficiency for gas to convert to stars is maximum, i.e., Mc ∼ Mg. If the relation between Mmax and Mg holds the maximum cloud mass in the cluster seems to have the same relation with the maximum cloud mass which can collapse to one cluster in a GMC with the free-fall time of the GMC. As a consequence the fragmentation-law seems to be universal from the GMC scale to star formation of individual stars. If we apply the relation between the maximum mass of star clusters or stars and the total mass of the system to the Galactic environment, the maximum stellar mass expected to from in a ∼ 10 4 M⊙ cluster are ∼ 150M⊙, and star clusters with a mass of ∼ 10 4 M⊙ is expected to form from the maximum mass of the GMC in the MW is 10 7 M⊙ (Murray 2011). The slope of the power-law of the initial cluster MF obtained from our simulations is shallower than the power for the stellar MF. This can be understood by thinking that cluster MF is a "core" mass function of giant molecular cloud. Hopkins (2013) theoretically expected that the core MF. The power of the core MF slope becomes shallower for more massive parent molecular clouds, because the turnover mass is fixed even though the maximum mass of the core increases. The MF in (Hopkins 2013 ) is for the cores, each of which can still fragment into a number of stars. At the high-mass end this corresponds to the star cluster MF in a GMC. This analytical treatment gives a power-law index for a star-cluster mass-function formed through the collapse of a molecular cloud of 10 5−6 M⊙, which is shallower than the power-law index for a star cluster. In the case that each core forms a star cluster our simulations are consistent with the predictions by Hopkins (2013) .
The similarity between the cluster mass-function and the stellar mass-function seems to originate from the self-similar structure of GMC, as is discussed in Elmegreen (2002) . Observationally, the self-similar structure of GMCs to star forming regions has been suggested (Elmegreen & Falgarone 1996; Elmegreen & Scalo 2004; Sánchez et al. 2010) . As seen in Figure 4 , more massive clusters tend to include higher density regions. If the resolution of our simulation was much higher, we would expect more spikes in the density distribution; these correspond to individual stars. If we consider that more massive stars tend to form in denser and more massive regions, we would expect that the most massive star is born in the most massive cluster in the system. Then, the typical mass and density of GMCs might limit the mass of the most massive clusters and as a result limit the mass of the most massive stars in the MW. This is similar to an idea discussed in Weidner & Kroupa (2005) ; Weidner et al. (2010) . Even if the most massive stars are born in the highest density regions, this location is not necessarily associated with the most massive cluster. In this sense, we conclude that the mmax-Mc relation is a statistical result, as was suggested earlier by Elmegreen (2006) ; Bastian et al. (2010) ; Bressert et al. (2010) .
CLUSTER MASS FUNCTION IN DISK GALAXIES
In order to compare our model to the observed cluster massfunction in a galactic environment, we assume the GMC mass-function to follow a power-law down to 100M⊙, and ignore less massive clouds because they are unable to form sufficiently massive clusters to compare with the observations. For the Milky Way and M83 we adopt a power of −1.45 (Planck Collaboration et al. 2011 ) and for M31 we adopt −0.9 (Kirk et al. 2013) . For clarity we assuming that each individual GMC forms a conglomerate of clusters that follow equation (3), and as a consequence a distribution of GMCs will form a superposition of cluster mass-functions. The consequential total mass functions for clusters are presented in Figure 5 as the dashed curves. Here we normalized the GMC mass-function to the number of the most massive GMC by adopting a maximum of 10 8 M⊙ and 4 × 10 9 M⊙ for M31 and M83, respectively. Observationally, the total mass of the molecular gas in each galaxy is 3.6 × 10 8 M⊙ (Nieten et al. 2006 ) and 2.5 × 10 9 M⊙ (Crosthwaite et al. 2002) for M31 and M83, respectively. For young clusters in the MW within 1 kpc from the Sun, we derive a total mass in molecular clouds of 2 × 10 6 M⊙, which suggests that the total mass in molecular clouds within 1 kpc is roughly 10 6 M⊙. The solid curves in Figure 5 indicate the observed MF for young clusters in the MW (D < 1kpc), M31, and M83. With "young" we here indicate cluster with an age comparable to the typical free-fall time of the GMC in each galaxy. If we consider that GMCs collapse on this timescale and form stars, free-fall time of GMCs would be associated with the star-formation time-scale as is suggested in Krumholz et al. (2012a) . The typical free-fall time estimated from observations is ∼ 25 Myr and ∼ 70 Myr for the M31 and M83, respectively (Krumholz et al. 2012a) . These values are much longer than the free-fall time of our models, but we consider that the final SFE does not change much even if the initial free-fall time (i.e., initial mean density) is longer. For the MW, we adopted a typical value for disk galaxies of 30 Myr. The dashed curves given in Figure 5 gives the mass function obtained from equation (3). We estimate the consumption timescale for the gas in disk galaxies τgas assuming that all clusters form in collapsing GMCs on their free-fall timescale. We adopted the minimum free-fall time between those in GMC regime, in which GMC mass is the Jeans mass, and in Toomre regime, in which GMCs are rotationally supported (Kim & Ostriker 2001; Krumholz & McKee 2005) . In that case the typical free-fall time of the GMCs varies little among disk galaxies (see Table 3 and 4 in Krumholz et al. 2012a ). If we consider that GMCs collapse on their free-fall timescale and form stars and star clusters, we then derive τgas = 10-100 Myr. With an efficiency of the conversion of gas to stars of ∼ 1 per-cent for every GMC on a free-fall timescale the gasdepletion time scale for disk galaxies becomes 1-10 Gyr, which is consistent with the 2Gyr derived for the gas depletion time obtained from observed star formation rate (Bigiel et al. 2008) .
SUMMARY
We performed a series of N -body simulations starting from initial conditions obtained from SPH simulations of turbulent molecular clouds. In our method, SPH and N -body simulations are separated, and therefore we assumed a star for-mation efficiency depending on the local density following the idea of an universal local star formation law, in which the star formation rate is scaled by the local free-fall time (Krumholz et al. 2012a ). The SFE obtained from the universal local star formation law is consistent with observed SFE, which is ∼ 30 % for dense region and a few % globally.
Stellar systems formed through the collapse of a turbulent molecular clouds show hierarchical structure. Density peaks of molecular gas form stellar clumps, and some of the clumps, especially massive clumps, grow in a few Myr by repeating mergers. We demonstrated that the MF of clusters formed from turbulent molecular clouds are consistent with the Schechter function. At an age of 2 Myr the power-law slope of this mass-function ≃ −1.6, and it becomes shallower with time to reach ≃ −1.4 at an age of 10 Myr. The shape of the cluster MF obtained from our simulation reproduce observed cluster MF in the MW, such as in the Carina region. We also obtained the mass of the most massive cluster to be 0.18M 0.74 g . This relation is very similar to the relation between the most massive star and the total mass of the cluster obtained from observations (Weidner et al. 2010 ). We conclude that star-forming regions and cluster-forming regions have a self-similar structure.
From the cluster MF model obtained in our simulations, we estimated the galactic cluster MF assuming the total gas mass and the power of the molecular cloud mass distribution. We confirmed that the fitted model is consistent with the observed cluster MF in the case of the MW, M31, and M83. Combining our result that each GMC converts ∼ 1 % of its mass to stars and observational result that GMCs collapse in 10-100 Myr typically, we estimate that the gas consumption time-scale of disk galaxies is 1-10 Gyr.
